
224

Management 
2016

Vol. 20, No. 2

Inverse problem of life cycle assessment 
(LCA): its application in designing 

for environment (DfE)

Magdalena Rybaczewska-Blażejowska, Ph.D.
Kielce University of Technology

Department of Production Engineering
Aneta Masternak-Janus, Ph.D.

Kielce University of Technology
Department of Production Engineering

Wacław Gierulski, Professor
Kielce University of Technology

Department of Production Engineering

MAGDALENA RYBACZEWSKA-
BŁAŻEJOWSKA

ANETA MASTERNAK-JANUS
WACŁAW GIERULSKI

Inverse problem of life 
cycle assessment (LCA): 

its application in designing 
for environment (DfE)

1. Introduction 

Design for environment (DfE) is a very broad 
concept, having multiple defi nitions that are 
concurrently used in the literature. According 
to Fiksel and Wapman (1994, pp. 75-80) DfE 
means ‘systematic consideration during new 
product and process development of design 
issues associated with environmental safety 
and health over the full product life-cycle’. 
Telenko et al. (2008, pp. 1-13) specifi ed the 
principles of design for environment, including 
sustainable use of resources, ensuring healthy 
inputs and outputs, minimal use of resources 
in the production and transportation phases, 
minimal use of resources during the use phase, 
appropriate durability of the product and its 
components, and fi nally enabling disassembly, 
separation and purifi cation. The fulfi lment of 
these guidelines, and thus of DfE principles, 
covers a breadth of environmental aspects, 
including adequate material selection, the 
reduction of energy consumption, waste reuse 
and recycling and contamination avoidance 
as well as a number of ‘design for’ techniques, 
such as, design for disassembly (DfD), design 
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for recyclability (DfR) or design for remanufacture (DfRem) (Arnette et al. 2014, 
pp. 374-390). 

Nowadays, the ideas of DfE have been incorporated into new concepts like 
green design (green products) and eco-design (eco-products) that focus on the 
integration of environmental considerations into product development with the 
aim of improving the environmental performance of the product throughout 
its life cycle (Karlsson, Luttropp 2006, pp. 1291-1298; Ecodesign Directive 2009; 
Fargnoli 2009, pp. 33-39; Herva et al. 2012, pp. 4427-4431). To make it possible, 
designers should have access to relevant eco-design tools during the product 
development process.

There are multiple qualitative, semi-quantitative and quantitative tools for 
evaluating the environmental performance of products (Bovea, Perez-Belis 2012, 
pp. 61-71). The qualitative and semi-quantitative ones, e.g. checklists (including 
the eco-design checklist method), MET-matrix, ten golden rules or the product 
investigation learning and optimization tool (PILOT), are fairly quick, simple to 
use and can be applied in the early product development stage. The quantitative 
methods, e.g. environmental indicators or life cycle assessment (LCA), are 
useful when a detailed environmental profi le of a product is researched, but 
they require a lot of data about the product before it is designed, and hence 
they tend to be applied in a fairly late stage of the design process, when only 
minor changes can be made. Considering the above, three key factors make the 
eco-design tools effective: (1) early integration of environmental aspects into 
the product design and development process; (2) the life cycle approach; and (3) 
a multi-criteria approach (Birch et al. 2012, pp. 50-58).

LCA is one of the major tools to assist in ensuring proper sustainability 
through assessing the environmental impacts of a product (Chang et al. 2014, 
pp. 48-60). Moreover, it is one of the most successful DfE tools, since – as it was 
emphasized above – its simplifi ed version can be used in the early stages of the 
design process, is practiced worldwide and is formalised into ISO 14040:2006 and 
ISO 14044:2006 norms  (Millet et al. 2007, pp. 335-346; ISO 2006a, b). Telenko et 
al. (2008, pp. 1-13) argue, however, that full LCA is usually performed when the 
design is near completion and thus acts retroactively, resulting in reality in only 
few design changes. Nevertheless, it is also an indispensable tool to draw up the 
most detailed cartography of the environmental effects and impacts associated 
with a product (existing and not very complex) (Millet et al. 2007, pp. 335-346). 
LCA has been applied in eco-design process in various industrial sectors, such 
as the lighting industry (Casamayor, Su 2012, pp. 32-42), food industry (Zufi a, 
Arana 2008, pp. 1912-1921), textile industry (Van der Velden et al. 2015, pp. 313-
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324), auto industry (Luza et al. 2010, pp. 1135-1144), paper industry (Masternak-
Janus, Rybaczewska-Błażejowska 2015, pp. 47-54) or fi nally the transport sector 
(Andriankaja et al. 2015, pp. 165-176). The obtained information helps designers 
to optimize the life cycle of a product, understood as the usage of the best 
available solutions consistent with the environmental principles of sustainable 
development. Solving the inverse problem of LCA may particularly support 
decision-making processes in DfE, since it facilitates fi nding an optimal solution 
from the environmental point of view, without the necessity of reaching it by 
trial and error.

The aim of the presented research is to propose and develop the inverse 
problem of LCA technique in DfE. The inverse problem theory and methods 
arise in engineering, economics and many branches of science, such as 
mathematics, physics, chemistry, life sciences and computer science (Wang 
et al. 2012). There are many fundamental publications explaining the theory 
of inverse problems (Hensel 1991; Engl et al. 2000). Over the last few decades, 
a number of the publications have examined, developed and applied this theory 
in both science and industry  (Kunze et al. 2014; Argoul 2012, pp. 1-13). However, 
the application of the inverse problem of LCA in DfE represents a new approach 
and it is one of the fi rst attempts of this type (Kaczmarska, Gierulski 2014, 
pp. 48-55). The formulation of the inverse problem of LCA with linearization 
and basic information on the coeffi cients are presented in the following 
section of this paper. The next section outlines the case study of a coffee 
machine and computational optimization task, which aims to minimize the 
established measure of the difference between the expected and the actual 
environmental impacts. The fi nal section of the article includes conclusions and 
recommendations.

2. Methodology

LCA is a technique that enables the identifi cation and evaluation of 
environmental impacts related to a product system throughout all stages of its life 
cycle (ISO 2006a, b). Consequently, a detailed LCA analysis covers the following 
life cycle stages: the extraction of resources, the production of materials, product 
parts and the product itself, and the use of the product as well as its management 
after it is discarded, by either reuse, recycling or fi nal disposal (Tukker 2002). 
LCA is, hence, understood as a ‘cradle to grave’ or ‘cradle to cradle’ analysis. The 
term ‘product’ has the broadest sense, since it includes physical goods as well 
as services and technological processes (Horne et al. 2009). Regulated by the 
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ISO 14040 series of standards, LCA consists of four basic phases: goal and scope 
defi nition, life cycle inventory (LCI), life cycle impact assessment (LCIA) and 
interpretation (ISO 2006a, b).

Given the complexity of LCA research, there is a wide range of tools, so-called 
specialized computer programs, supporting such analyses. They enable, upon 
input data, building an environmental profi le (life cycle impact assessment, 
LCIA) of a given product system that is measured in environmental impact 
categories. These input data cover the inputs from nature (resources), the inputs 
from the technosphere (materials and energy) and process characteristics 
(emissions to the air, water, soil, non-material emissions and waste fl ows) 
(Goedkoop et al. 2014). This is a quantitative analysis, because both the input 
data entered into the program and the results are given in numerical form (see 
fi gure 1). 

The dependencies between input and output signals are defi ned by nonlinear 
functions of several variables that can be presented as follows:

 yk = fk (x1,…x(i,)…xn )                                           (1)
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where: 
xi  = input signals (input data), e.g. materials, energy, emissions; 

i = 1 … n,  where n = number of input signals;
yk  = output signals (results of the analysis), in the form of impact categories;

k = 1 … m,  where m = number of output signals.

The dependencies between input and output signals are created in a computer 
program according to special algorithms using e.g. material databases, various 
forms of energy generation or characteristics of production technologies. 
Basically, these algorithms are unknown to users of LCA programs. Solving the 
inverse problem is based on fi nding a method to determine the input signals 
that will provide the required (expected) values of the output signals. This, in 
general, means the determination of the dependencies in the form of inverse 
functions to function (1):

 xi = φ (y1,…yk,…ym ) (2)
where: 

i = 1…n and n = number of output signals.
 

The completion of this task, i.e. the exact derivation of function (2), is not 
possible. The analytical form of function (1) is unknown. Moreover, these are 
non-linear functions of many variables, so the possibility of searching for 
inverse functions is limited. It is, though, possible to solve this problem in an 
approximate way by linearization of function (1) in the proximity of selected 
values (points). By determining the values of variables x, around which the 
linearization is performed as function (1) can be presented as follows:

 yk = yk
0 + ak1 ∆x1+ ... + aki ∆xi+ ... + akn ∆xn (3)

where: 
k = 1…..m,

or using another form of notation:

                                                        (4)

where:

                                     (5)
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By determining:

                                                     (6)

dependence (4) can be written as a system of linear equations:

                                                                  (7)

The next task is to determine the values of coeffi cient aki. To do this, n linearly 
independent calculations have to be performed, where the value of one input 
signal is experimentally modifi ed. 
For each μ = 1…n,     k = 1…m

                                                    (8)

                                                                 (9)

By determining:
                                                                   (10)

                                                                 (11)

                                                                      (12)

Depending upon the number of input and output signals, the method of 
inverse problem calculation differs.

If n = m, then the system of linear equations (7) can be written in a matrix form:

                                                                    (13)

where the individual matrices have the following form:

              

(14)

         

       

         
 

 
    

      

                

 
           

    

 

 
for          
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The inverse problem can be solved from equation (13).

                                                                  (15)

Finally, according to dependence (5), input signals (input data) are as follows:

                                                         (16)

or in the matrix form:

                                                                    (17)

where the individual matrices have the following form:

                                               (18)

If n > m, then there are infi nitely many solutions of the inverse problem. 
To select a single solution, it is necessary to determine additional conditions 
in number γ = n – m. These conditions can be introduced by identifying the 
relationships between inputs in the form of the following function:
for s = γ +1, … n

                                                              (19)

As a result, the number of independent input signals n is equal to the number 
of output signals m, and the inverse problem is solved analogously to (15).

If n < m, then there is no exact solution of the inverse problem. It is, though, 
possible to achieve an estimate being a result of minimization of a functional. By 
formulating the following functional

                                 (20)

or using another form of notation:

                                                                                             (21)

the searched values Δxi for i = 1 … n  are determined by the condition of mini-
mization:

 
      

 
   for        
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In practice, considering the nature of LCA analysis, there is either an equal 
number of input and output signals or a higher number of input than of output 
signals. The choice of input signals for the calculation of the inverse problem 
of LCA depends upon the goal and scope of the LCA analysis. Lowering the 
number of input signals taken into account, simplifi es the calculations. The 
situation of n = m is the subject of the current article, whereas the remaining two 
will be discussed in separate papers.

3. Results and discussion 

The inverse problem of LCA is presented here as a case study of a coffee machine 
model SimaPro. The abstract model of coffee machine SimaPro is based on the 
sample models Sima and Pro, described in SimaPro version 8.1 software. It is a 
simplifi ed example intended to show the applicability of the calculation of the 
inverse problem of LCA for DfE. Consequently, water and coffee consumption 
were not included in the analysis, since the coffee machine designers cannot 
infl uence them.

The life cycle of the coffee machine SimaPro covers the following product 
stages: assembly, use phase and disassembly. Based on the sample analysis 
of Sima and Pro, which the SimaPro software is equipped with, the material 
selection for the housing, energy effi ciency and waste management scenarios 
were defi ned. The housing of the coffee machine is mainly made of aluminium 
with some plastic (polypropylene) elements. The electricity use, paper for 
coffee fi lter consumption and the packaging during the use phase were 
considered. A mix of various waste treatment processes, such as recycling, 
incineration and disposal, was adopted in the fi nal waste management 
stage. The relative environmental contribution of different processes in the 
life cycle of the coffee machine SimaPro according to the ReCiPe Endpoint 
(H) method (Goedkoop et al. 2013), is presented in a graphic form as the 
process network (see fi gure 2). It shows that most of the environmental load 
is generated during the assembly and use phases of the coffee machine. The 
process contribution analysis proves that an aluminium housing, electricity 
consumption during the use phase and paper consumption for coffee fi lters 
are the most detrimental for the environment, as they are responsible for 
85.9% (4.54 Pt) of negative environmental impacts being produced by the 
coffee machine SimaPro.
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According to the results of life cycle impact assessment (LCIA) of the coffee 
machine, based on the ReCiPe Endpoint (H) method, the assembly phase and 
thus the use of aluminium has the greatest contribution to the succeeding 
impact categories: metal depletion (73%) and freshwater eutrophication (58%). 
At the same time, electricity consumption has the greatest share in the ionizing 
radiation category (64%). Finally, the paper consumption for coffee fi lters 
contributes the most strongly to three impact categories: agricultural land 
occupation (97%), urban land occupation (72%) and natural land transformation 
(57%) (see fi gure 3).

Environmental impacts of the coffee machine SimaPro were also calculated 
in the endpoint impact categories, which in the ReCiPe Endpoint (H) method 
are: human health, ecosystems and resources. Depending upon the category, the 
environmental load of the life cycle of the analysed coffee machine ranges from 
0.35Pt in terms of ecosystems, 2.15Pt in terms of resources, up to 2.76Pt in terms 
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of human health (see fi gure 4). Notwithstanding the endpoint impact category, 
the aluminium material, electricity consumption and use of paper for coffee 
fi lters have some contributions.

Following the DfE principles, input signals that are the most detrimental to 
the environment were selected to calculate the inverse problem of LCA. LCA 
analysis of the coffee machine SimaPro proved that these were: the material for 
housing (aluminium) (1.5kg), the energy consumed during the use of the coffee 
machine (0.13GJ) and fi nally the amount of paper consumed for coffee fi lter 
production (0.002kg). Consequently, the set of input signals was as follows:
 x1 = consumption of aluminium [kg],
 x2 = consumption of electricity [GJ],
 x3 = consumption of paper for coffee fi lters [kg].
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On the other hand, the set of output signals – results of the LCA analysis, 
expressed in the endpoint impact categories – was as follows:
 y1 = human health [Pt],
 y2 = ecosystems [Pt],
 y3 = resources [Pt].
Having regard to the above, the number of input signals n is equal to the 

number of output signals m, and thus, in order to solve the inverse problem of 
LCA, the determination of additional conditions is not required. It is suffi cient 
to conduct three numerical experiments for the selected input signals, where the 
values of these signals will be sequentially reduced by e.g. 10%. To calculate the 
values of coeffi cients aki of matrix A, the relative changes in the initial values of 
input and output signals are applied.

Experiment 1. Reduction of the consumption of aluminium by 10% (Δx1 = 
-0.15kg).
If, for example, x11 = 1.35kg, x12 = 0.13GJ and x13 = 0.002kg, then y11 = 2.72Pt, y12 = 
0.352Pt and y13 = 2.12Pt, and hence Δy11 = 0.04Pt, Δy12 = 0.003Pt and Δy13 = 0.03Pt. 
As a result, based on (12), the values of coeffi cients aki are as follows:

                                                    
             (22)             
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                                                           (23) 

                                                                  (24)

Experiment 2. Reduction of the consumption of electricity by 10% (Δx2 = -0.013GJ).
If, for example, x21 = 1.5kg, x22 = 0.117GJ and x23 = 0.002kg, then y21 = 2.65Pt, y22 = 
0.347Pt and y23 = 2.07Pt, and hence Δy21 = 0.11Pt, Δy22 = 0.008Pt and Δy23 = 0.08Pt. 
As a result, the values of coeffi cients aki are as follows:

                                                                  (25) 

                                                                  (26)
                                                               

(27) 

Experiment 3. Reduction of the consumption of paper for coffee fi lters by 10% 
(Δx3 = - 0.0002kg).
If, for example, x31 = 1.5kg, x32 = 0.13GJ and x33 = 0.0018kg, then y31 = 2.68Pt, y32 = 
0.333Pt and y33 = 2.09Pt, and hence Δy31 = 0.08Pt, Δy32 = 0.022Pt and Δy33 = 0.06Pt. 
As a result, the values of coeffi cients aki are as follows:

                                                                         (28) 

                                                                  (29)

                                                                     (30)

The calculated values of coeffi cients aki show how the changes of x1-x3 input 
signals affect the changes of y1-y3 output signals. 

As the number of input signals is equal to the number of output signals, it is 
possible to defi ne the following matrices:

                                                                          (31)
                                      

 
                                

 
                                 

 
                              

 
31

3
                                  

 
0                                 

 
33

3
                                

3

   0       

 
            

 
13

1
0             



236

Management 
2016

Vol. 20, No. 2

Inverse problem of life cycle assessment 
(LCA): its application in designing 

for environment (DfE)

(32)
                                                             

      (33) 

In accordance with (15), the inverse matrix A-1 is calculated as follows:

                                                               (34)

After conducting the above experiments, the combination of the input signals 
(most harmful to the environmental factors in the life cycle of the coffee machine 
model SimaPro) that provide the required values of the output signals will 
be calculated. Suppose that the manufacturer of the coffee machine wants to 
decrease the environmental load in all endpoint impact categories, for example 
by 5%, and thus to achieve their following values y1 = 2.62Pt, y2 = 0.34Pt and y3 
= 2.04Pt. According to the obtained results, in order to make the environmental 
impacts equal to the expected ones, the designer of the coffee machine needs 
to decrease the aluminium content of the housing of the coffee machine by 
approximately 1.04kg, consume about 0.00009kg less paper from virgin pulp per 
coffee fi lter and increase the consumption of energy during the use phase of the 
coffee machine by 0.02GJ. The allowable increase in energy consumption should 
not, however, be taken literally, but rather as a suggestion that the consumption 
of a larger amount of energy will not affect the results in the form of a lower 
environmental load. The results were verifi ed in the SimaPro software and in 
both the category of human health and the category of ecosystems the values 
are identical, whereas in terms of resources it is equal to 2.08Pt, so this value is 
slightly different from the calculated one (see fi gure 5).

In the analysed case study, the decrease in the consumption of aluminium 
and paper can bring numerous environmental benefi ts. The most signifi cant 
benefi ts are: savings in energy consumption (e.g. for the production of 1 kg 
of aluminium, approximately 13kWh of energy is needed), savings in natural 
resources consumption (e.g. for the production of 1kg of paper, approximately 
2.2kg of wood is required), and fi nally a reduced pollution emission, particularly 

       

           

  E 14
E 14

  



237

Management 
2016
Vol. 20, No. 2

MAGDALENA RYBACZEWSKA-BŁAŻEJOWSKA
ANETA MASTERNAK-JANUS
WACŁAW GIERULSKI

wastewater and air contamination, refl ected in biological oxygen demand (BOD), 
chemical oxygen demand (COD), concentrations of phosphorus and nitrogen 
compounds and CO2 (Michniewicz 2005, pp. 50-57; Kvande, Drabløs 2014, pp. 
25). Additionally, to decrease the environmental impacts, the producers of coffee 
machines ought to consider the replacement of primary raw materials with 
secondary raw materials. For instance, instead of virgin pulp, recycled waste 
paper can be used.

4. Conclusions 

The integration of the inverse problem theory with the practice of LCA is not 
only a relatively new concept but also a very prospective one. Ultimately, it may 
become a professional tool for eco-design that allows a concurrent optimization 
of product design from the functional and environmental point of view, and 
thus brings a multi-criteria approach. 

Following the DfE principles, the abstract model of coffee machine SimaPro was 
developed and subsequently thoroughly analysed. As a result, recommendations 
have been made on modifi cation of the values of the factors that are the most 
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detrimental for the environment: the consumption of aluminium, electricity, and 
paper for coffee fi lters. Although the presented results cannot be implemented in 
industrial practice literally, they indicate the areas for eco-innovation of coffee 
machines. At the same time, they illustrate the applicability and usefulness of 
the proposed approach.

The solution of the LCA inverse problem allows fi nding the optimal values of 
environmental inputs that provide the required environmental impacts without 
the necessity of reaching them by trial and error. The calculation results present 
the suggestions for changes concerning the materials and manufacture methods. 
It is a signifi cant support for designers, as on these grounds they can choose 
the best variant for the construction of environmentally friendly products. It 
should be noted that the decrease in the consumption of material or changes 
in the prod uction processes must not reduce the functionality of the products. 
Therefore, the application of the inverse problem of LCA in DfE requires further 
research. Consequently, a prospective research with regard to other products 
and thus different input and output signals is planned.

Solving the inverse problem of LCA requires suitable computer programs. On 
the specialized market of software for LCA analysis there is no program that 
would provide an option of inverse problem solution. Thus it is a prospective 
concept. The practical application of the LCA inverse problem also requires the 
combination of LCA and CAD software, so that it would be possible to transfer 
the data quickly from one program to another one. Only the inclusion of LCA 
analysis in the process of designing in CAD systems will allow the complete 
consideration of environmental aspects in the designing process of products. 

Summary
 Inverse problem of life cycle assessment (LCA): its application 

in designing for environment (DfE)
 The inverse problem of life cycle assessment, used in designing for 

environment, is about determining the optimal values of environ-
mental inputs that provide the required environmental impacts. 
The notion of the inverse problem of life cycle assessment is ex-
plained here using a case study of a coffee machine (abstract model 
SimaPro, based on models Sima and Pro described in SimaPro 8.1 
software). The dependencies between input and output signals 
were defi ned by nonlinear functions of several variables. Next, lin-
earization was used and coeffi cient aki was calculated. On the basis 
of 3 hypothetical experiments, recommendations have been made 
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on the reduction of the value of the factors that are the most detri-
mental for the environment: the consumption of aluminium, elec-
tricity, and paper for coffee fi lters, for the analysed product. The 
results prove the high applicability and usefulness of the proposed 
approach during environmental evaluation and enhancement of 
products over the full product life cycle.

Keywords:  design for environment, DfE, inverse problem, life cycle assessment, LCA.

Streszczenie
 Zagadnienie odwrotne oceny cyklu życia (LCA): zastosowanie 

w projektowaniu dla środowiska (DfE)
 Zastosowanie w projektowaniu dla środowiska zagadnienia od-

wrotnego oceny cyklu życia pozwala ustalić optymalne wartości 
wejść środowiskowych, które zapewniają wymagane wpływy 
środowiskowe. W niniejszym artykule wyjaśniono pojęcie zagad-
nienia odwrotnego oceny cyklu życia na przykładzie ekspresu 
do kawy (abstrakcyjnego modelu SimaPro opartego na mode-
lach Sima i Pro pochodzących z oprogramowania SimaPro 8.1). 
Stosując nieliniową funkcję wielu zmiennych określano zależno-
ści pomiędzy sygnałami wejściowymi i wyjściowymi. Następnie 
przeprowadzono linearyzację i obliczono współczynniki aki. Na 
podstawie 3 hipotetycznych eksperymentów zostały ustalone dla 
analizowanego wyrobu zalecenia pozwalające na zmniejszenie 
wartości czynników najbardziej szkodliwych dla środowiska tzn.: 
zużycia aluminium, energii elektrycznej oraz papieru wykorzysty-
wanego do wytwarzania fi ltrów do kawy. Wyniki potwierdzają 
wysoką przydatność i użyteczność proponowanego podejścia w 
ocenie oddziaływania na środowisko i w poprawie wyrobów pod-
czas całego ich cyklu życia. 

Słowa 
kluczowe:  projektowanie dla środowiska, DfE, zagadnienie odwrotne, ocena cyklu 

życia, LCA.
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